The integrable Davey-Stewartson system is a linear combination of the two elementary flows that commute: iq t 1 + q xx + 2q∂ −1 y ∂ x (|q| 2 ) = 0 and iq t 2 + q yy + 2q∂ −1 x ∂ y (|q| 2 ) = 0. In the literature, each elementary Davey-Stewartson flow is often called the Fokas system because it was studied by Fokas in the early 1990s. In fact, the integrability of the Davey-Stewartson system dates back to the work of Ablowitz and Haberman in 1975; the elementary Davey-Stewartson flows, as well as another integrable (2 + 1)-dimensional nonlinear Schrödinger equation iq t + q xy + 2q∂ −1 y ∂ x (|q| 2 ) = 0 proposed by Calogero and Degasperis in 1976, appeared explicitly in Zakharov's article published in 1980. By applying a linear change of the independent variables, an elementary Davey-Stewartson flow can be identified with a (2 + 1)-dimensional generalization of the integrable long wave-short wave interaction model, called the Yajima-Oikawa system: iq t + q xx + uq = 0, u t + cu y = 2(|q| 2 ) x . In this paper, we propose a new integrable semidiscretization (discretization of one of the two spatial variables, say x) of the Davey-Stewartson system by constructing its Lax-pair representation; the two elementary flows in the semi-discrete case indeed commute. By applying a linear change of the continuous independent variables to an elementary flow, we also obtain an integrable semidiscretization of the (2 + 1)-dimensional Yajima-Oikawa system.
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Introduction
The Davey-Stewartson system [1] (also known as the Benney-Roskes system [2] ) is a (2 + 1)-dimensional generalization of the nonlinear Schrödinger equation; its mathematical form can be written as [3] iq t + a (q xx + 2F q) + b (q yy + 2Gq) = 0.
(1.1a)
Here, a and b are real constants, the subscripts denote the partial differentiation and F (in the case of a = 0) and G (in the case of b = 0) are nonlocal real-valued potentials defined as
The integrability of the Davey-Stewartson system (1.1) can be traced back to the work of Ablowitz and Haberman in 1975 [4] (also see [5] [6] [7] [8] ), who gave its Lax-pair representation [9] up to a coordinate transformation; note that the Lax-pair representation in 2 + 1 dimensions expressed in operator form is often referred to as the Manakov triad representation [10] . The Davey-Stewartson system (1.1) is a linear combination of the two elementary flows:
and iq t 2 + q yy + 2Gq = 0, G x = (|q| 2 ) y .
(1.
3)
The elementary Davey-Stewartson flow (1.2) (or (1.3)) is often referred to as the Fokas system because it appeared in his paper [11] published in 1994. Note, however, that the elementary Davey-Stewartson flow (1.2), as well as another integrable (2 + 1)-dimensional generalization of the nonlinear Schrödinger equation iq t + q xy + 2F q = 0, F y = (|q| 2 ) x originally proposed by Calogero and Degasperis [12] in 1976, appeared explicitly in Zakharov's article [13] published in 1980. In addition, a linear change of the independent variables:
with an arbitrary real constant c, converts the elementary Davey-Stewartson flow (1.2) to a (2 + 1)-dimensional generalization of an integrable long waveshort wave interaction model (known as the Yajima-Oikawa system [14] ): 5) which was proposed by Mel'nikov [15] in 1983. Here, u := 2F and the tilde is omitted for notational brevity. The (2 + 1)-dimensional Yajima-Oikawa system (1.5) with c = 1 is often referred to as the Maccari system [16] .
From (1.2) and (1.3), we obtain the relation F yt 2 = i q y q * −* y yx , which implies that
Here, the asterisk denotes the complex conjugate. Similarly, we also obtain the relation G xt 1 = i (q x q * −* x ) xy , which implies that
With the aid of (1.6) and (1.7), we can show that the two elementary flows (1.2) and (1.3) commute [11, 17] , i.e., q t 1 t 2 = q t 2 t 1 if and only if ξ = η; in this case, we can set without loss of generality ξ = η = 0 by a change of variables q = q exp 2i ξ dt 1 dt 2 . In short, the commutativity of the elementary flows 1 is guaranteed only if the "constants" of integration in the nonlocal potentials F and G are chosen appropriately. More specifically, the two elementary flows commute if and only if the y-independent value of F t 2 − i q y q * −* y x evaluated at any fixed value of y is equal to the xindependent value of G t 1 − i (q x q * −* x ) y evaluated at any fixed value of x, which is thus (x, y)-independent and can be set equal to zero by redefining the dependent variable q.
In this and the next paper, we propose integrable semi-discretizations of the Davey-Stewartson system (1.1) and the (2 + 1)-dimensional YajimaOikawa system (1.5) by constructing their Lax-pair representations. We consider the discretization of only one of the spatial variables x and y, which is referred to as a "semi-discretization" in this and the next paper. This is in contrast to our previous work on an integrable discretization of the DaveyStewartson system [18] (also see some preceding studies in [19, 20] ) wherein both spatial variables are discretized. The semi-discrete Davey-Stewartson system proposed in this paper is not obtainable by taking a continuous limit of one spatial variable in the discrete Davey-Stewartson system proposed in our previous paper [18] . This paper is organized as follows. In section 2, we propose an integrable semi-discretization for each of the elementary Davey-Stewartson flows (1.2) and (1.3) by constructing its Lax-pair representation. In section 3, we demonstrate that these semi-discretizations commute under a suitable choice of the "constants" of integration as in the continuous case. Then, we consider a linear combination of the semi-discrete elementary Davey-Stewartson flows to obtain an integrable semi-discretization of the full Davey-Stewartson system (1.1). Moreover, by applying the linear change of the independent variables like (1.4) to one of the semi-discrete elementary Davey-Stewartson flows, we also obtain an integrable semi-discretization of the (2 + 1)-dimensional Yajima-Oikawa system (1.5) (see a relevant semi-discrete system in [21] ). Section 4 is devoted to concluding remarks.
2 Integrable semi-discretizations of the two elementary Davey-Stewartson flows
Semi-discrete linear problem
The continuous Davey-Stewartson system (1.1) is obtained as the compatibility conditions of the overdetermined linear systems for ψ and φ [3, 4] :
This Lax-pair representation for the Davey-Stewartson system can be straightforwardly generalized to the case of vector-or matrix-valued dependent variables [22] [23] [24] [25] .
As a semi-discrete analog of the spatial part of the Lax-pair representation for (the vector generalization of) the Davey-Stewartson system, we consider the following linear problem in two spatial dimensions:
Here, n is a discrete spatial variable and y is a continuous spatial variable; the subscript y denotes the differentiation with respect to y. The constants γ and δ should satisfy the condition γ + δ = 0; γ + δ can be fixed at any nonzero value by rescaling the dependent variable q n , so only the ratio γ/δ is essential. The dependent variables q n and r n are M-component row and column vectors, respectively; a scalar component ψ n and an M-component column vector φ n comprise the linear wavefunction. We do not distinguish between the left scalar multiplication and the right scalar multiplication, so, for example, q n γφ n = γq n φ n = q n φ n γ in (2.3a). Note that using the second equation (2.3b), the first equation (2.3a) can be rewritten as ψ n,y = (γ + δ) q n φ n + δq n r n ψ n , where ψ n , q n φ n and q n r n are scalar functions.
Semi-discretization of the elementary Davey-Stewartson flow (1.2)
One possible choice of time evolution of the linear wavefunction is
where α and β are constants satisfying the condition (αγ, βδ) = (0, 0), and u n and w n are scalar functions.
Proposition 2.1. The compatibility conditions of the overdetermined linear systems (2.3) and (2.4) for ψ n and φ n are equivalent to the system of differential-difference equations:
This proposition can be proved by a direct calculation. Indeed, using (2.3) and (2.4), we have
n+1 (−u n+1,y + u n+1 q n r n − u n+1 q n+1 r n+1 ) ψ n+1 , and 0 = i (r n ψ n + φ n − φ n+1 ) t 1 = ir n,t 1 + βu δ n r n−1 + αu γ n+1 r n+1 + w n r n ψ n , which imply (2.5) for generic ψ n and φ n .
Under the parametric conditions
the system (2.5) admits the Hermitian conjugation reduction:
where ∆ is an arbitrary real constant that will be interpreted as a lattice parameter and the dagger denotes the Hermitian conjugation. In particular, if α = β = γ = δ = 1, this reduction simplifies (2.5) to
, (2.6) where q n ∈ C M , u n , w n ∈ R and · , · stands for the standard scalar product. In the case where M = 1, i.e., q n is a scalar, (2.6) provides an integrable semi-discretization of the elementary Davey-Stewartson flow (1.2). Indeed, by setting
and taking the continuous limit ∆ → 0, (2.6) with scalar q n reduces to Here, the two operators ∂ tα and ∂ t β correspond to the case α = 1, β = 0 and the case α = 0, β = 1, respectively, i.e.,
where w n = αw
n . As special cases of Proposition 2.1, we obtain the following two propositions. Proposition 2.2. The compatibility conditions of the overdetermined linear systems (2.3) and (2.8) for ψ n and φ n are equivalent to the system of differential-difference equations:
(2.10) Proposition 2.3. The compatibility conditions of the overdetermined linear systems (2.3) and (2.9) for ψ n and φ n are equivalent to the system of differential-difference equations: The system (2.11) implies the relation:
Thus, by assuming that (log u
n−1 = 0 at some value of y (say, −∞, 0, or +∞), we obtain 14) and w 15) respectively. Here, the "constants" of integration J n and K n are y-independent scalars. By a direct calculation, we arrive at the necessary and sufficient condition for the commutativity of the two operators ∂ tα and ∂ t β .
Proposition 2.4. Equations (2.10)-(2.15) imply that the two differentiation operators ∂ tα and ∂ t β commute, i.e., q n,tαt β = q n,t β tα and r n,tαt β = r n,t β tα , if and only if the "constants" of integration J n and K n satisfy the condition J n = K n .
Semi-discretization of the elementary Davey-Stewartson flow (1.3)
Another possible choice of time evolution of the linear wavefunction is given by
where k is an arbitrary (but nonzero) constant and v n is an M × M square matrix.
Proposition 2.5. The compatibility conditions of the overdetermined linear systems (2.3) and (2.16) for ψ n and φ n are equivalent to the system of differential-difference equations:        kq n,t 2 + q n,yy + q n (γv n + δv n+1 ) + γδ (q n r n ) 2 q n = 0, kr n,t 2 − r n,yy − (δv n + γv n+1 ) r n − γδr n (q n r n ) 2 = 0,
This proposition can be proved by a direct calculation. Indeed, using (2.3) and (2.16), we have 0 = k (ψ n,yt 2 − ψ n,t 2 y ) = kq n,t 2 + q n,yy + q n (γv n + δv n+1 ) + γδ (q n r n ) 2 q n (γφ n + δφ n+1 )
which imply (2.17) for generic ψ n and φ n . By setting k = i and γ = δ = 1 and imposing the Hermitian conjugation reduction r n = −∆q † n and v † n = v n on (2.17) where ∆ is a real-valued lattice parameter, we obtain
Clearly, in the case where M = 1, i.e., q n is a scalar, (2.18) provides an integrable semi-discretization of the elementary Davey-Stewartson flow (1.3), up to a rescaling of q n .
3 Integrable semi-discretizations of the DaveyStewartson system and the (2 + 1)-dimensional Yajima-Oikawa system
We first establish the commutativity of the semi-discrete flow (2.5) and the semi-discrete flow (2.17). Using (2.5) and (2.17), we have the relations:
r n q n+1 y = iv n,t 1 −2 αu γ n r n q n−1 − βu δ n r n−1 q n y , and k (log u n ) yt 2 = q n,y r n − q n r n,y + (γ − δ) (q n r n ) 2 y − q n−1,y r n−1 − q n−1 r n−1,y + (γ − δ) (q n−1 r n−1 ) 2 y , which imply iv n,t 1 = 2 αu γ n r n q n−1 − βu δ n r n−1 q n y + F = 2αγu γ n (q n−1 r n−1 − q n r n ) r n q n−1 + 2αu γ n (r n q n−1 ) y − 2βδu δ n (q n−1 r n−1 − q n r n ) r n−1 q n − 2βu δ n (r n−1 q n ) y + F , (3.1) and k (log u n ) t 2 = q n,y r n − q n r n,y + (γ − δ) (q n r n )
respectively, where F is an n-independent M × M matrix and G n is a yindependent scalar. Using (2.5), (2.17) and (3.2), we also obtain
Thus, we assume G n = 0 to obtain k (log u n ) t 2 = q n,y r n − q n r n,y + (γ − δ) (q n r n ) 2 − q n−1,y r n−1 − q n−1 r n−1,y + (γ − δ) (q n−1 r n−1 ) 2 , (3.4) and kw n,t 2 = βγu δ n [−q n,y r n−1 + q n r n−1,y + δ (q n−1 r n−1 + q n r n ) q n r n−1 ] − βγu δ n+1 [−q n+1,y r n + q n+1 r n,y + δ (q n r n + q n+1 r n+1 ) q n+1 r n ] + αδu γ n [−q n−1,y r n + q n−1 r n,y − γ (q n−1 r n−1 + q n r n ) q n−1 r n ] − αδu γ n+1 [−q n,y r n+1 + q n r n+1,y − γ (q n r n + q n+1 r n+1 ) q n r n+1 ] + H n , (3.5) where H n is a y-independent scalar. By a direct calculation, we arrive at the following proposition.
Proposition 3.1. Equations (2.5), (2.17), (3.1), (3.4) and (3.5) imply that the two differentiation operators ∂ t 1 and ∂ t 2 commute, i.e., q n,t 1 t 2 = q n,t 2 t 1 and r n,t 1 t 2 = r n,t 2 t 1 , if and only if the "constants" of integration F and H n satisfy the condition (γ + δ) F + H n I M = 0, where I M is the M × M identity matrix. Therefore, F should be y-independent and H n should be n-independent, namely, F y = 0 and H n = H; by the change of dependent variables
we can set F = 0 and H = 0 without loss of generality.
The commutativity of the semi-discrete flow (2.5) and the semi-discrete flow (2.17) motivates us to consider a linear combination of these two flows:
where b is a nonzero constant. The corresponding time evolution of the linear wavefunction reads
3.6b) where α, β, γ and δ are constants satisfying the conditions γ + δ = 0 and (αγ, βδ) = (0, 0).
By a direct calculation, we can prove the following proposition.
Proposition 3.2. The compatibility conditions of the overdetermined linear systems (2.3) and (3.6) for ψ n and φ n are equivalent to the system of differential-difference equations:
the system (3.7) admits the Hermitian conjugation reduction:
r n = −∆q † n , u * n = u n , w * n = w n , v † n = v n , where ∆ is a real-valued lattice parameter.
In particular, if α = β(=: −a) ∈ R =0 and γ = δ = 1, this reduction with a rescaling of w n as w n =: −aW n simplifies (3.7) to                  iq n,t + a [u n+1 q n+1 + W n q n + u n q n−1 ] + b q n,yy + q n (v n + v n+1 ) + ∆ 2 q n , q * n 2 q n = 0, u n,y = ∆u n q n , q * n − q n−1 , q * n−1 , W n,y = ∆u n+1 q n , q * n+1 + q n+1 , q * n − ∆u n q n−1 , q * n + q n , q * n−1 , v n+1 − v n = 2∆ q † n q n y . (3.8) Here, a and b are nonzero real constants, q n ∈ C M , u n , W n ∈ R and v n is an M × M Hermitian matrix.
In the case where M = 1, i.e., q n is a scalar, (3.8) provides an integrable semi-discretization of the Davey-Stewartson system (1.1), up to a rescaling of q n . Indeed, by setting q n = q(n∆, y, t), u n = 1 ∆ 2 + 1 2 u(n∆, y, t), where c is an arbitrary real constant, to the semi-discrete elementary DaveyStewartson flow (2.6), we obtain        iq n,t = u n+1 q n+1 + w n q n + u n q n−1 , u n,t + cu n,y = ∆u n q n , q * n − q n−1 , q * n−1 , w n,t + cw n,y = ∆u n+1 q n , q * n+1 + q n+1 , q * n − ∆u n q n−1 , q * n + q n , q * n−1 , (3.10)
